The thermal conductivities of pyrochlore oxide solid solutions of general formula ( 
I. INTRODUCTION
Pyrochlore oxides have cubic structures with the general formula A 2 B 2 O 7 , with a structure analogous to the mineral pyrochlore. They have been of recent interest due to their exceptional properties, 1 including high resistance to radiation, 2 magnetic geometric frustration, 3 and inherently low thermal conductivity. 4, 5 As rigid structures, the thermal conductivity of pyrochlores cannot be lowered by the addition of rattling atoms, 6, 7 or by the presence of low-frequency optical modes that can interact with heat-carrying acoustic modes. 8, 9 However, the thermal conductivity of pyrochlores can be lowered by other means, including high mean atomic mass, weak nondirectional bonding, and extensive disorder (either structural or due to doping). 10 The combination of low thermal conductivity with high melting point makes some pyrochlores useful for new thermal barrier materials in applications such as high-speed turbines. Several recent studies have focused on quantifying this low thermal conductivity and reducing it further. 4, 5, [11] [12] [13] In particular, introduction of dopants into the pyrochlore structure can provide point defects in the crystal lattice that reduce the intrinsic phonon mean free path.
14 Generally, as the number density of point defects within a crystal is increased, the phonon mean free path is decreased, and the thermal conductivity is decreased accordingly. Several studies have investigated the thermal conductivity of a series of compounds doped at the A site in the crystal lattice giving the general formula (A 1−x A x ) 2 B 2 O 7 . [11] [12] [13] In particular, laser-flash thermal conductivity studies of A-site doped pyrochlores at high temperatures showed that the lowest thermal conductivity occurs at a composition with roughly equal concentrations of dopant and parent ions, that is, AA B 2 O 7 .
11, 12 At compositions closer to the end members A 2 B 2 O 7 or A 2 B 2 O 7 , the thermal conductivity tends to be higher. However, the effect of A-site doping is less significant as the temperature increases. [11] [12] [13] At these high temperatures, Umklapp processes, rather than the defect sites, limit the phonon mean free path.
14 Thus, as the temperature increases, the effect of dopant ions on the phonon mean free path is less significant.
The influences of the size and mass of the dopant ion in A-site doping studies of pyrochlores have been investigated recently by molecular dynamics simulations. 13 That study considered three different A-site dopants in the same parent compound, Gd 2 Zr 2 O 7 . The effect of introducing a dopant ion similar in size and mass to the parent ion was tested using Sm 3+ as the dopant. From the simulations, very little change in thermal conductivity was observed with that doping, even at high concentrations of Sm 3+ dopant ions. 13 The effect of introducing a dopant of significantly less mass compared to the parent ion was investigated using Y 3+ . A slight lowering of the thermal conductivity was observed in the simulations, and attributed to the phonon-scattering effect of the dopant (lowering κ), competing with the significantly higher thermal conductivity of pure Y 2 Zr 2 O 7 . 13 Lastly, the effect of using a dopant ion with a significantly larger size was explored using La 3+ as the dopant ion. The resultant series of compounds (La 1−x Gd x ) 2 Zr 2 O 7 gave the most significant decrease (up to about 20% at room temperature) in thermal conductivity with doping. 13 Previous experimental A-site doping studies were focused on pyrochlores as thermal barrier materials and therefore concentrated on high temperature, typically 300 to 900 K, [11] [12] [13] where Umklapp processes are the dominant phonon scattering mechanism.
14 Thus, it could be anticipated that the effect of doping on thermal conductivity could be more significant at lower temperatures, where scattering due to Umklapp pro-cesses is less important. The present study examines the effects of A-site doping on thermal conductivity at temperatures below 300 K for a series of (Er 1−x Y x ) 2 • C in air to prereact and improve their hardness.
Large single crystals were grown from these polycrystalline rods using the optical floating-zone method. 17, 18 Two polycrystalline rods were mounted, one above the other, in a two-mirror image furnace (Canon) with the long axes aligned. The focused light from the halogen lamps heated both tips of the ceramic rods until they formed a molten zone. Molten material was then pulled out of the hot area at the rate of 5 to 6 mm h −1 and crystallized. The rods were counter-rotated with various speeds (0 to 30 rpm). The result of this process was 60 to 80 mm long, cylindrical single crystals, 6 to 8 mm in diameter. The same method was used for pure erbium titanate Er 2 Ti 2 O 7 , pure yttrium titanate Y 2 Ti 2 O 7 , and the solid solutions. The growths were performed in 4 atm of Ar.
For thermal conductivity measurements, an approximately 1 mm thick disk-shape section of crystal was cut such that the [110] lattice vector was perpendicular to the flat face of the disk. This alignment was achieved using x-ray diffraction. The consistent alignment of all the samples avoided any directional effects with regard to thermal conductivity. The disks were then cut into cuboids for thermal conductivity measurements. Gold-plated copper leads were adhered to each cuboid on the faces perpendicular to the [110] lattice vector. Silver-loaded epoxy was used to ensure thermal contact between the sample leads and the sample.
The compositions of the solid solution crystals were determined by wavelength dispersive spectroscopy using electron microprobe analysis (JEOL 8200 electron microprobe). Several samples were taken from the same general area of the single crystal to test for homogeneity. As a further test of homogeneity, the electron beam width on each sample was varied from 1 to 10 μm. The quoted uncertainties in composition (vide infra) take all these measurements into account.
For comparison to the thermal conductivity of the aligned single crystals, a polycrystalline sample of Er 2 Ti 2 O 7 was cut from the end of the rod where the sample was a consolidation of randomly aligned polycrystals with grain sizes as small as 10 μm. This sample was prepared in the same manner for thermal conductivity measurements.
B. Thermal conductivity
All thermal conductivity measurements were obtained using a physical property measurement system (PPMS) by Quantum Design. In the PPMS thermal transport probe, one lead was attached to a heater and a hot thermometer and the other lead was attached to a heat sink and a cold thermometer. The sample was heated and a temperature differential of approximately 3% of the absolute temperature of the system was created across the sample. Using the measured heater power and the equilibrium temperature difference between the hot and cold ends of the sample, the raw thermal conductance was measured. A small correction for radiative loss and for heat loss through the shoes was applied. Through the measured geometry of the sample, the thermal conductance was converted to the thermal conductivity. 19 Thermal conductivity measurements were carried out in this manner from ∼2 to 300 K under high vacuum ( 10 −4 Torr). The accuracy of the thermal measurements was assessed by measuring the thermal conductivity of a known material. Pyrex R glass was chosen as the standard because its thermal conductivity is well documented 20, 21 and is of the same order of magnitude as the samples under investigation. The thermal conductivities of five rods of Pyrex R glass with varying lengths were measured at 300 K using the methods described above. The results for all five samples were within 5% of the literature values for thermal conductivity of Pyrex R glass. 20, 21 In addition, the measured thermal conductivity of one sample of Pyrex R glass was determined from 50 to 300 K, and found to be within ±3% of literature values 20 from 100 to 300 K, ±10% at lower temperatures.
III. RESULTS AND DISCUSSION
A. Thermal conductivity 22 The thermal conductivities κ of two high-purity single crystals of Er 2 Ti 2 O 7 aligned along the [110] lattice vector and one high-purity polycrystalline sample of Er 2 Ti 2 O 7 were determined over the temperature range 2 to 300 K. Results are shown in Fig. 1 .
The two single crystals show very similar thermal conductivity behavior over the temperature range and demonstrate the typical temperature dependence for κ for simple crystalline insulating solids. 14, 23, 24 The consistency of the thermal conductivity of the two single-crystalline samples is excellent, within 3% of the average at all temperatures. The temperature-dependent behavior of the crystals can be understood using the Debye model of thermal conductivity,
where C V is the heat capacity of the solid per unit volume, v is the speed of the phonons, and λ is the mean free path of the phonons. The speed of the phonons remains nearly constant throughout the temperature range, and the temperature dependence arises from that of the heat capacity and the mean free path. At low temperatures the temperature dependence of the thermal conductivity is governed mostly by the heat capacity of the material, which increases with increasing temperature. The phonon mean free path at these low temperatures is not significantly influenced by temperaturedependent processes such as phonon-phonon interactions. Therefore, at low temperatures the phonon mean free path is related to interruptions of the crystal structure, such as defects or crystal boundaries. As temperature increases, the heat capacity approaches its maximum limiting value, and the phonon mean free path begins to shorten as the probability of phonon-phonon collisions increases. 14 These two trends cause a maximum in the thermal conductivity; increasing the temperature further causes the thermal conductivity to decrease as the phonon mean free path becomes shorter. 14 The thermal conductivity of the polycrystalline Er 2 Ti 2 O 7 sample is also shown in Fig. 1 . The density of the polycrystalline sample is only 60% of that of the single crystal. To consider the effective thermal conductivity of a fully densified polycrystalline sample, the method developed by Klemens 25 was used. These results also are shown in Fig. 1 and allow an unusually direct comparison between the thermal conductivity of a highly purified sample in its single crystalline form and as a polycrystal. The thermal conductivities of single crystalline and fully densified polycrystalline Er 2 Ti 2 O 7 are in excellent agreement (within 5% of the average) for T > 30 K. At lower temperatures, where the phonon mean free path is longer and therefore more influenced by the crystallinity, the thermal conductivity for the polycrystalline sample falls below that of the single crystal.
The thermal conductivity of a single crystal of the other pure titanate Y 2 Ti 2 O 7 aligned along the [110] lattice vector, also was determined. Figure 2 shows the results over the temperature range 3 to 300 K, which again follow the same characteristic pattern of thermal conductivity for crystalline insulating solids over this temperature range. 14, 23, 24 The values for T > 80 K are within 3% of our previously published values for Y 2 Ti 2 O 7 , 26 but the present values are about 20% lower at the peak. Note that the value of the thermal conductivity at the peak is not so much an intrinsic property of the system but more of a reflection of sample quality. Our samples are very high-purity single crystals, so very small changes in purity or sample quality can significantly influence the maximum thermal conductivity. Although the earlier data also were for high-purity single crystals, the crystal alignment of that sample was not determined (and the sample is now degraded), so the present data Y 2 Ti 2 O 7 are used for direct comparison with this (Er 1−x Y x ) 2 Ti 2 O 7 series.
The thermal conductivities of four single crystals of the general formula (Er 1−x Y x ) 2 Ti 2 O 7 also were determined. Prior to measurement, the exact compositions were determined by electron microprobe analysis. The Er contents in percent, based on full occupancy of the A sites, were found to be 96.9 ± 0.7, 91.5 ± 0.3, 81.7 ± 0.4, and 52.9 ± 0.6, with each composition based on at least 20 electron microprobe measurements. The thermal conductivity results with varying x are shown in Fig. 3 , along with the average thermal conductivity of the two single crystals of pure Er 2 Ti 2 O 7 and the thermal conductivity of the single crystal of pure Y 2 Ti 2 O 7 for comparison.
The thermal conductivities of the (Er 1−x Y x ) 2 Ti 2 O 7 solid solution single crystals generally drop as x increases to its highest value of 0.471. This drop is not unexpected due to the increasing influence of scattering by the dopant, shortening the phonon mean free path, and hence lowering the thermal conductivity. At high temperatures (∼300 K) the thermal conductivities of all the samples, both pure and doped, appear to approach the approximate same value. The similarity of the thermal conductivity of the doped and pure compounds is the result of the greater importance of Umklapp scattering, relative to impurity scattering, at high temperatures.
14 This effect is highlighted in Fig. 4 , which shows the thermal conductivity as a function of composition at various temperatures. In general, the thermal conductivity drops as x increases and then rises again at x = 1 (pure Y 2 Ti 2 O 7 ). (One exception to the general trends with temperature and composition is the x = 0.085 sample which has higher thermal conductivity at the lowest and highest temperatures measured, but follows the general trends at intermediate temperatures, conductivity at 101 and 20 K. At very low temperatures (4 K) the thermal conductivity again is more consistent across all compositions, with the exception of x = 0.085.
B. Minimum thermal conductivity, κ min
At sufficiently high temperatures, the crystal structure becomes fully populated with phonons, and phonon-phonon interactions cause the phonon mean free path to be as short as possible. 27 In this temperature range the heat capacity and speed of sound are virtually independent of temperature and thus the thermal conductivity exhibits a high-temperature minimum κ min . The value of κ min has been modeled in two distinct manners. 27, 28 Clarke assumed the minimum phonon mean free path to be the cube root of the volume of one molecular unit and used the value of Young's modulus and density of the material in question to approximate the average phonon speed. By homogenizing all atoms in this model as having a mass M, equal to the weighted averages of the masses of the atoms in a unit cell, the minimum thermal conductivity at high temperature is given by
where k B is Boltzmann's constant, N A is Avogadro's number, n is the number of atoms per unit cell, ρ is the density of the material, and E is the Young's modulus. 27 In the present study, values for E, ρ, and M for the solid solutions were calculated as averages of the values for the pure compounds, weighted by their exact compositions. Literature values of the Young's moduli for Er 2 Ti 2 O 7 and Y 2 Ti 2 O 7 were used. 29, 30 A different minimum thermal conductivity model proposed by Cahill and Pohl considers the thermal conductivity within the Debye model, with the assumption that the scattering length is one half of the wavelength. 31 The expression for κ min is based on the random walk between Einstein oscillators of varying sizes and can be calculated for each of the transverse and longitudinal polarizations ν i as follows:
where n is now the number density (number of atoms per unit volume), and θ e D is the effective Debye temperature, wherein all the lattice modes (3 acoustic and 3p − 3 optical, with p atoms per unit cell) have been treated as Debye-like. The effective Debye temperature was calculated from the mean speed of sound as
The total κ min is the sum of the contributions from two transverse and one longitudinal mode. The transverse and longitudinal speeds of sound v t and v l , respectively, were calculated from the elastic constants v l = (c 11 /ρ) 1/2 ,v t = (c 44 /ρ) 1/2 . The mean speed of sound v m can be calculated from the transverse and longitudinal speeds of sound:
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C. Effective phonon mean free path
Dopant ions scatter phonons, and thus lower thermal conductivity by shortening the phonon mean free path. To observe this effect more directly, the effective phonon mean free paths of both the pure and doped titanates were calculated using Eq. (1). We refer to this as an "effective" mean free path because the model ignores dispersion and thereby could underestimate the mean free path by an order of magnitude. 33 However, this is not a serious problem here because the most important information is the trend in mean free path as a function of temperature or composition. property given quite accurately by the rule-of-mixtures, this system is an exception due to magnetic spin contributions which depend very strongly on the local environment, so we used the lattice contribution to the heat capacity 35 (derived from experimental heat capacity data) to determine phonon mean free paths for the solid solutions and the pure components. Using the Young's moduli for the pure titanates and measured densities, the speeds of sound in the pure materials were approximated by
The speeds of sound of the solid solutions were approximated as weighted averages of the values for the pure compounds. Figure 5 shows the effective phonon mean free path (in log 10 form) as a function of composition at various temperatures. Throughout this temperature range the pure titanates have longer phonon mean free paths than the doped compounds. This was the expected result as the dopants act as point defects. The doped compounds with higher concentrations of Y 3+ ions (x = 0.183 and x = 0.471) have shorter phonon mean free paths than the doped compounds with a lower concentration of Y 3+ ions (x = 0.031 and x = 0.085). At T = 20 K, pure Er 2 Ti 2 O 7 and pure Y 2 Ti 2 O 7 both have much longer effective phonon mean free paths than the solid solutions, but at 300 K, the differences are smaller.
If the total (not just lattice) heat capacity is used for the mean free path calculation from Eq. (1) 36 The magnetic transition causes a significant increase in heat capacity at very low temperature, 34 but there is no corresponding anomaly in the thermal conductivity, and thus a low-temperature peak in the total-heat-capacitybased effective phonon mean free path is observed. However, if only the lattice contribution to the heat capacity is considered (as for the data shown in Fig. 5) , the temperature dependence of the mean free path of Er 2 Ti 2 O 7 is similar to diamagnetic Y 2 Ti 2 O 7 . At low temperatures the doped compounds also show anomalous mean free path behavior as for Er 2 Ti 2 O 7 , due to the presence of paramagnetic Er 3+ ions. However, the magnetic behavior only contributes in a major way to the phonon mean free path at very low temperatures.
IV. CONCLUSIONS
Schelling's theoretical studies suggest that A-site doping with a lighter ion has only a small effect on thermal conductivity due to the competing factors of dopant ions acting as point defects and an increase in thermal conductivity due to the presence of these lighter atoms. 13 Our investigations of the effect of doping of Er 2 Ti 2 O 7 with Y 3+ ions on thermal conductivity is analogous to the situation Schelling described because Y 3+ is the same size as Er 3+ but significantly less massive, and the theoretical high-temperature value of κ min of pure Y 2 Ti 2 O 7 is higher than that of Er 2 Ti 2 O 7 . We rule out the influences of sample purity, crystal quality, anisotropy, and the need for other properties to derive thermal conductivity by directly measuring the thermal conductivities of high-quality single crystals, aligned along the [110] direction. We observed that the thermal conductivity of Y 2 Ti 2 O 7 is higher than that of Er 2 Ti 2 O 7 at T = 300 K, but the opposite is true from 20 to 200 K. Furthermore, the significant decrease in thermal conductivity that we observe upon doping Er 2 Ti 2 O 7 with Y 3+ ions shows definitively that, in the temperature range from about 2 to 300 K, the impurity scattering effect of the lighter Y 3+ ions is the predominant limiter of the thermal conductivity. This conclusion is supported by the finding that the phonon mean free path of the doped compounds decreases with increased dopant concentrations. This information can be used to tailor thermal conductivity over a wide range of values.
